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Introduction
In [4, pages 5-6 ] the authors note that all known examples of simple left noetherian domains correspond with one of two types: If F is a field of characteristic 0 and δ : F → F is an outer derivation of F , then the ring F [x, δ] of differential polynomials in δ over F is known to be a simple (see [4, (7) and (8) , page 114]: do there exist left V-domains R with a prescribed (finite) number of simple left R-modules? and, do there exist simple noetherian domains that are neither of Type 1 nor Type 2? This paper answers both questions in the affirmative. We shall produce new examples of simple left noetherian, left hereditary domains by showing that the class of all such rings is closed under the formation of rings of quotients at any proper hereditary torsion theory (Corollary 9). If, moreover, the hereditary torsion theory is chosen to be one cogenerated by a direct sum M of injective simple modules, then the resulting ring of quotients will be a left V-domain possessing as many isomorphism classes of simples as there are components in the semisimple module M (Theorem 14) .
Thus, starting with Osofsky's example of a simple, left principal ideal (and thus left noetherian, left hereditary) left V-domain admitting infinitely many simples, the method described above can be used to produce examples of left V-domains with any specified finite number of simples.
In a related investigation, Resco [11, Theorem,  Section 2 introduces the basic set, ring and module theoretic notational conventions used throughout the paper.
We shall assume familiarity on the part of the reader with standard ring theoretic notions including, but not limited to, simple 3 and semisimple rings and modules, essential extensions, module extensions, injective modules and the injective hull, noetherian and hereditary rings, the Ore condition and Ore domains. Definitions of the aforementioned notions can be found in a standard text on ring and module theory such as [1] .
In contrast, we shall not assume the same familiarity with the methods of torsion theory which are fundamental to this paper. We have accordingly devoted Section 3 to a brief introduction to this topic. Many results are stated with a reference to one of the standard texts on the subject such as [5] or [12] . Section 4 contains the paper's main results. Given the importance of Osofsky's example of a left V-domain with infinitely many simples (it constitutes the parent ring from which our class of examples is constructed) we have chosen to devote Section 5 of the paper to an exposition on twisted Laurent polynomial rings, this being the class of rings to which Osofsky's example belongs. The approach we shall adopt follows [4] rather than that of Osofsky in her original paper [10] . However, since the former is somewhat sparse in detail, we shall provide a thorough development of the necessary background material.
Ring and module theoretic preliminaries
The symbol ⊆ denotes containment and ⊂ proper containment for sets. If X is any nonempty set and n ∈ N, then X (n) shall denote the cartesian product of n copies of X. Throughout this paper R will denote an associative ring with identity. All modules are unital and R-Mod shall denote the category of all (unital) left R-modules.
shall denote the abelian group of all R-homomorphisms from A to B.
Torsion theoretic preliminaries

Hereditary torsion theories
A hereditary torsion theory on R-Mod is a pair τ = (T , F) of nonempty classes of left R-modules such that:
We shall denote by Tors R R the collection 4 of all hereditary torsion theories on R-Mod.
In this situation the class T is called the torsion class of τ and F the torsion-free class of τ . We call
We shall frequently make use of the easily established fact that if M is τ -torsion-free, then every τ -dense submodule of M must be essential in M .
If τ = (T , F) ∈ Tors R R, then T is closed under submodules, homomorphic images, direct sums, and module extensions. Conversely, if C is any nonempty class of left R-modules that is closed under submodules, homomorphic images, direct sums, and module extensions, then there exists a unique τ = (T , F) ∈ Tors R R such that T = C [5, Proposition 1.7, page 5].
Dually, a nonempty class D of left R-modules is closed under submodules, injective hulls, direct products, and module extensions iff D is the τ -torsion-free class of some τ ∈ Tors R R [5, Propositions 1.10, page 7 and 1.12, page 8].
Let τ = (T , F) ∈ Tors R R. Since T is closed under homomorphic images and direct sums, each M ∈ R-Mod has a largest submodule, denoted t τ (M ) , that belongs to T . We call t τ (M ) the τ -torsion submodule of M . Observe that M is τ -torsion-free iff t τ (M ) = 0. A consequence of T being closed under module extensions, is that t τ (M ) is always τ -pure in M , that is to say, t τ (M/t τ (M )) = 0 (see (R3) below).
Dually, since F is closed under submodules and direct products, M has a smallest τ -pure submodule L, say, which must coincide with t τ (M ) since t τ (M )/L is both τ -torsion and τ -torsion-free.
For each τ ∈ Tors R R, the map t τ (_) which assigns to each M ∈ R-Mod its τ -torsion submodule t τ (M ), is an instance of a left exact radical functor, for it possesses the following three defining properties [5, Proposition 23.1, page 213]:
4 Tors R R can, in fact, be regarded as a set for there is a bijective correspondence between members of Tors R R and certain families of left ideals of the ring R called Gabriel topologies.
The set Tors R R admits a natural partial ordering: if τ = (T , F) and σ = (T , F ) are members of Tors R R, then
Let C be a nonempty class of left R-modules. Define:
It is easily shown that τ = (T , F) is a hereditary torsion theory on R-Mod, and is the smallest member of Tors R R whose torsion class contains C (see [12, page 139] ). In this situation we call τ the hereditary torsion theory generated by C, and denote it ξ(C).
Dually, if:
is a hereditary torsion theory on R-Mod, and is the largest member of Tors R R whose torsion-free class contains C (see [12, page 139] ). We call such a τ the hereditary torsion theory cogenerated by C, and denote it χ(C).
It is shown in [12, Proposition 3.7, page 142] that every τ ∈ Tors R R is cogenerated by an injective left R-module, namely
The localization functor
For each τ ∈ Tors R R and M ∈ R-Mod there is a left R-module Q τ (M ), called the module of quotients of M at τ , and an R-homomorphism λ 
For each M ∈ R-Mod, the pair of properties (Q1) and (Q2) characterizes Q τ (M ) to within isomorphism, as the following result shows. 
commutes. Moreover, γ is an isomorphism.
For each τ ∈ Tors R R the quotient category of R-Mod at τ , denoted (R, τ )-Mod, is defined to be the full subcategory of R-Mod comprising all τ -torsion-free, τ -injective left R-modules. It is known that (R, τ )-Mod is a Grothendieck category. Indeed, by the Popescu-Gabriel Theorem (see [12, We shall make frequent use of the fact that the complete lattice of τ -pure submodules of any M ∈ R-Mod is isomorphic to the complete lattice of subobjects of Q τ (M ) in the quotient category (R, τ )-Mod [12, Corollary 4.4, page 208] . This has the consequence that any chain condition on the submodule lattice of M is inherited by the subobject lattice of
If τ ∈ Tors R R, then a nonzero τ -torsion-free left R-module containing no proper nonzero τ -pure submodule (this is equivalent to the requirement that every nonzero submodule be τ -dense) is called τ -cocritical. Observe that the simple objects in the quotient category (R, τ )-Mod are precisely the τ -injective, τ -cocritical left R-modules.
The following result shows that the injective objects in (R, τ )-Mod are precisely those objects in (R, τ )-Mod that are injective as left R-modules.
Proposition 2 ([12, Proposition 1.7, page 215]). Let τ ∈ Tors R R. The following statements are equivalent for
The uniqueness of the map Q τ (f ) in Diagram (1) allows us to interpret Q τ as an additive functor from R-Mod to (R, τ )-Mod which we call the localization functor at τ . Note that with this interpretation, Diagram (1) can be seen as defining a natural transformation λ τ from the identity functor on R-Mod to Q τ .
For each τ ∈ Tors R R the ring
is called the ring of quotients of R at τ . (1) and noting that the functor Q τ is additive, the map f → Q τ (f ) constitutes a ring homomorphism from End R R to R τ . Composing this ring homomorphism with the canonical ring isomorphism from R to End R R yields a ring homomorphism
This ring homomorphism induces a canonical embedding of R τ -Mod into R-Mod.
Each τ -torsion-free, τ -injective left R-module admits a left R τ -module structure that is compatible with its R-module structure [5, Proposition 26.33, page 256]. We thus have the containments
Consider the following diagram in R-Mod
Observe that the composition of maps in the top row of the above diagram corresponds with ϕ τ , which in the context of the above diagram, is an R-homomorphism from R R to
is τ -torsion-free and τ -injective. We thus obtain the commutative diagram
We shall have need for the following result.
Proposition 3 ([5, Proposition 26.34, page 257]). Let τ, σ ∈ Tors R R with τ σ. There exists a unique ring homomorphism γ : R τ → R σ which makes the following diagram of rings and ring homomorphisms commute
R ϕ τ ϕ σ R τ γ R σ
Perfect torsion theories
Let τ ∈ Tors R R. Denote by ζ τ the natural transformation from the identity functor on R-Mod to the change of rings functor
The transformation λ τ factors through ζ τ in the sense that there is a natural transfor-
commutes [5, page 265] .
We call τ perfect if η τ is a natural equivalence, which is to say the functors R τ ⊗ R _ and Q τ are naturally equivalent. In this situation the subcategories R τ -Mod and (R, τ )-Mod of R-Mod coincide. We thus have
It is known that τ ∈ Tors R R is perfect iff the functor Q τ is exact (in general, Q τ is only left exact [5, Proposition 26.5, page 243]) and there exists a set A of finitely generated left ideals of R such that the class of τ -torsion modules is generated by the family {R/A : A ∈ A} [5, Proposition 45.1, page 416].
We shall need the following.
Proposition 4 ([5, Corollary 45.6, page 418]).
The following statements are equivalent for a perfect τ ∈ Tors R R:
The main results
Our first objective shall be to prove that if R is a simple ring, then so is R τ for all proper τ ∈ Tors R R. We provide a proof of this routine fact in the absence of a suitable reference. A preparatory lemma is needed.
Let R and T be rings and ϕ : R → T a ring monomorphism. We shall call ϕ left essential if the image of R in T is essential as a left R-submodule of R T .
We omit the proof of the following easy lemma. Our next objective is to show that the left Ore domain property is passed from a ring R to its ring of quotients R τ at any proper τ ∈ Tors R R.
Let S be the set of all regular elements of a ring R. Recall that R is said to be a left Ore ring if Sr ∩ Rs = ∅ for all r ∈ R and s ∈ S.
If R is any left Ore ring, then the Classical torsion theory μ cl is defined by Now suppose R is a left Ore domain. For such a ring R, S = R\{0} and R μ cl is a division ring. We claim that if τ is any proper member of Tors R R, then τ μ cl . Indeed, let M ∈ R-Mod and x ∈ t τ (M ). Note that x cannot have trivial left annihilator since this would imply R R t τ (M ), contradicting the fact that τ is proper. Hence sx = 0 for some s ∈ R\{0}, so x ∈ t μ cl (M ). This shows that t τ (M ) ⊆ t μ cl (M ) establishing our claim.
Proposition 7. If R is a left Ore domain, then so is
Proof. Suppose R is a left Ore domain with μ cl the Classical torsion theory on R-Mod. Take any proper τ ∈ Tors R R. As noted above, τ μ cl . It follows from Proposition 3 that there is a ring homomorphism γ : R τ → R μ cl which makes the diagram
commute. Since τ is proper, every r ∈ t τ ( R R) must have a nonzero left annihilator, but since R is a domain, this is only possible if r = 0. Thus t τ ( R R) = Ker ϕ τ = 0, whence ϕ τ is monic. Similarly, ϕ μ cl is also monic. An argument similar to that used in the proof of Proposition 6, shows that ϕ τ is a left essential monomorphism. Inasmuch as
we must have Im ϕ τ ∩ Ker γ = 0, whence Ker γ = 0, so γ is monic. Since R μ cl is a Classical left ring of quotients for R and The next main result shows that given any ring R, and any cardinal m not exceeding the cardinality of a representative set of simples in R-Mod, a suitable quotient category (R, τ )-Mod can be chosen that admits, up to isomorphism, precisely m simple objects. We require a preliminary lemma.
Lemma 10. Let τ ∈ Tors R R with E an injective cogenerator for τ so that τ = χ(E). If U is any simple object in the quotient category (R, τ )-Mod, then U embeds as a left R-module in E. Proof. Take S ∈ S. Since E is τ -torsion-free and S E, S is also τ -torsion-free. Since S is a simple left R-module, it contains no proper nonzero τ -pure submodule (indeed, it contains no proper nonzero submodules of any description). It follows that Q τ (S) is a simple object in (R, τ )-Mod. Now take S ∈ S with S = S so that S and S are nonisomorphic simples. Since the left R-module embeddings λ S τ : S → Q τ (S) and λ S τ : S → Q τ (S ) are τ -dense, it is easily seen that Hom R (Q τ (S), Q τ (S )) = 0 from which we infer that Q τ (S) and Q τ (S ) are nonisomorphic objects in (R, τ )-Mod.
It remains to show that every simple object in (R, τ )-Mod is isomorphic to Q τ (S) for some S ∈ S. To this end let U be an arbitrary simple object in (R, τ )-Mod. By the previous lemma, U embeds as a left R-module in E. Since S is essential in E, we must have S U for some S ∈ S. Inasmuch as U is τ -cocritical, the embedding of S in U is τ -dense. Furthermore, U is τ -torsion-free and τ -injective because it is an object in
Recall that a ring R is said to be a left V-ring if every simple left R-module is injective. More generally, we shall call a Grothendieck category C a V-category if every simple object in C is injective in C. Note that R will be a left V-ring precisely if R-Mod is a V-category. Proof. Take S ∈ S. Observe that S is τ -torsion-free (because E is τ -torsion-free and S E) and τ -injective (because S is injective). Taking M = N = S and f to be the identity map on S in Proposition 1, we see that γ = λ We are finally in a position to prove our main theorem.
Theorem 14. Let R be a simple left noetherian, left hereditary domain. Let S be an arbitrary nonempty family of nonisomorphic injective simple left R-modules. Put E = E( S) and τ = χ(E). Then the ring of quotients R τ of R at τ is a simple left noetherian, left hereditary, left V-domain with S a representative family of simple left R τ -modules.
Proof. That R τ is a simple left noetherian, left hereditary domain is a consequence of Corollary 9.
It follows from Theorem 13 that (R, τ )-Mod is a V-category and S a representative set of simple objects in (R, τ )-Mod. By Theorem 8(a), τ is perfect. Hence the quotient category (R, τ )-Mod coincides with the module category R τ -Mod. Thus R τ is a left V-domain with S a representative family of simple left R τ -modules. 2
Remark 15. If, in Theorem 14, R is chosen to be Osofsky's example of a simple, left principal ideal (and thus left noetherian, left hereditary), left V-domain possessing infinitely many simple left R-modules, then given any finite cardinal m, there will exist, by Theorem 14, a hereditary torsion theory τ on R-Mod such that the ring of quotients R τ of R at τ , is a simple left noetherian, left hereditary, left V-domain with a representative set of simple left R τ -modules, of cardinality m. This answers [4, Question 7, page 114] in the affirmative. Later, we shall see as a consequence of Theorem 36 that rings of the type constructed by Osofsky may be produced admitting arbitrarily large representative sets of simples. This fact, viewed in conjunction with Theorem 14, allows us to infer the existence of, for each cardinal m (not necessarily finite), a simple left noetherian, left hereditary, left V-domain R with a representative set of simple left R-modules of cardinality precisely m.
Twisted Laurent polynomial rings
Osofsky's example of a simple left V-domain with infinitely many simples is a twisted Laurent polynomial ring over a carefully chosen field F and field automorphism σ on F . Given its importance as the starting point for the torsion theoretic construction detailed in the first four sections of this paper, we provide a self-contained account of Osofsky's construction, starting with a brief exposition on twisted Laurent polynomial rings.
Background theory
For the remainder of this paper:
F shall denote a field; and σ shall denote a field automorphism of F of infinite order.
Recall that the twisted Laurent polynomial ring
where m and k are nonnegative integers and a i ∈ F for −m i k. Addition of formal sums is natural while multiplication is induced by the rule
The twisted polynomial ring
The proofs of properties listed in the next three theorems that are not routine may be found in the early pages of standard texts such as [6] , [7] and [9] .
Theorem 16. Let T = F [x, σ]. Then: (a) T admits a degree function ∂ defined in the usual manner. (b) T satisfies a left [resp. right] Division Algorithm: if s, t ∈ T with t = 0, then there exist unique q, r ∈ T such that
where r = 0 or ∂r < ∂t.
(c) T is a left and right principal ideal domain. (d) Every proper nonzero ideal of T has the form T x
m for some m ∈ N.
We shall say that s = N ) is a left R-module with scalar multiplication defined by
σ], then F is a left R-module with action defined by
Moreover, the canonical F -homomorphisms
is a left R-module with scalar multiplication defined by
Moreover, the canonical
is known to be an isomorphism of abelian groups [2, Proposition 5.2 , page 28]. Proof of the following result is left to the reader.
is any short exact sequence in R-Mod. Clearly, this sequence will also be exact in F -Mod. Since F is a field, N is flat in F -Mod, so the sequence 
Proper cyclic modules and PCI-rings
The next result aids computation in the cyclic module R/Rs where
We first introduce some notation.
If A is the m × n matrix over F whose (i, j)th entry is a ij , we define σ(A) to be the m × n matrix whose (i, j)th entry is σ(a ij ). (This notation shall apply to elements of
has standard form with ∂s = n 1, we shall denote by M s the n × n companion matrix of s, that is,
If A is an invertible n × n matrix over F and i is any integer, we define:
, we shall use the bold-face letter c to denote the n tuple  (c 0 , c 1 , . . . , c n−1 ) ∈ F (n) . The transpose of c is denoted c T .
Proof. Note first that s = n i=0 b i x i ≡ 0 (modulo Rs), whence
Then
A routine calculation shows that for each i ∈ {0, 1, . . . , n − 1}, the coefficient of x i in the above sum coincides with the ith entry of M s σ(c) T . Thus
A repetition of the above with xt in place of t yields
More generally, for each j ∈ N
For negative powers of x, we note first that if (5)) and so
Collating the formulas in (6) and (7) we obtain
In light of Remark 18, we infer from the above that, as left R-modules,
In the definition of s * above, since b 0 , b n = 0, s * * is defined and and there is nothing to prove, so let us suppose that ∂s = n ≥ 1. Suppose first that s is monic and thus has standard form. By Theorem 17(c), {x i + Rs : 0 i n − 1} is a basis for F (R/Rs). For each j ∈ {0, 1, . . . , n − 1} let π j ∈ Hom F (R/Rs, F ) denote the canonical projection map defined by
Taking r = x −1 in Proposition 22, we see that
A routine calculation shows that
Solving the recursive formula (10) yields:
5 For convenience, we shall take c n = 0. 6 For convenience, we shall take π n = 0.
Since Hom F (R/Rs, F ) is spanned as an F -space by {π j : 0 j n − 1}, the system of equations (11) tells us that Hom F (R/Rs, F ) is a cyclic left R-module generated by π 0 .
Taking j = n − 1 in (10) and invoking (11), we obtain 
It follows that Hom
Recall that a ring R is said to be a left PCI-ring if every proper cyclic left R-module (this is a cyclic left R-module that is not isomorphic to R R) is injective in R-Mod. Clearly every left PCI-ring is a left V-ring. 
, which is to say, for every b ∈ F , there exists
which is Statement (a). 
Thus
The equivalence of (b) and (c) follows. 
(b) R F is, up to isomorphism, the unique simple left R-module.
It is clear from Theorem 17 that every simple left R-module S with dim F S = 1, will have the form S a for some nonzero a ∈ F . If F and σ are understood, we define
It is easily checked that Γ is a subgroup of the multiplicative group F \{0} of nonzero elements of F .
Proof. 
Fields of characteristic p > 0-Osofsky's example
Let F be a field of characteristic p > 0. Henceforth, we shall denote by σ p the Frobenius endomorphism on F defined by
Recall that F is said to be perfect if σ p is onto and thus an automorphism on F . It is clear that every algebraically closed field of characteristic p > 0 is perfect.
Let F be a perfect field of characteristic p > 0.
Observe that (12) We shall show presently that the requirement that F be algebraically closed can be relaxed in a manner that retains the left PCI property for R, but which allows for a multiplicity of nonisomorphic simples.
The notion of 'q-field' defined below differs slightly from that introduced in [10, page 600].
Let q ∈ N be a prime and F an algebraic field extension of a field K. We call F a q-field extension of K if deg (α, K) is relatively prime to q for all α ∈ F .
The following lemma shows that q-field extensions are transitive with respect to fields of characteristic not equal to q.
Lemma 32. Let q be a prime and K a field whose characteristic is not equal to
Let K denote the separable closure of K in E. By the Primitive Element Theorem [8, Theorem 40, page 49], K = K(β) for some β ∈ E. We have
Observe that in (14), n and deg (β, K) are both relatively prime to q. Let q be a prime. We say field F is q-closed if every polynomial over F whose degree over F is relatively prime to q, has a zero in F .
Proposition 33. Let q be a prime and K a field whose characteristic is not equal to q. Then K has a q-closed, q-field extension.
Proof. Let K be the algebraic closure of K. Denote by F the family of all subfields of K that are q-field extensions of K. Certainly F is nonempty since K ∈ F. It is easily checked that the union of any chain in F is again a member of F. By Zorn's Lemma, F has a maximal member F , say. It remains to show that if f is a polynomial over F whose degree is relatively prime to q, then f has a zero in F . To this end, write f as a product of irreducible polynomials over F :
Since ∂f is relatively prime to q, for some i ∈ {1, 2, . . . , k}, g i has degree that is relatively prime to q. Choosing a zero, β say, for g i in K, we see that F (β) is a q-field extension of F . By the transitivity of q-field extensions (Lemma 32), F (β) is a q-field extension of K, so F (β) ∈ F. This contradicts the maximality of F unless β ∈ F . Thus f has a zero in F , as required. Proof. Since F is q-closed and p = q, every polynomial equation over F of degree a nonnegative power of p, will have a zero in F . This has two consequences. The first is that every element of F has a pth root in F , i.e., σ p is onto. Thus (a) holds. The second is that every (nontrivial) equation of the type shown in (12) , has a solution for c ∈ F . This entails Statement (a) of Theorem 26 is satisfied, whence R is a left PCI-ring. Thus (b) holds. 2 
The following result is inspired by [10 Proof. Note first that a 2-closed, 2-field extension of the field K(X) is certain to exist by Proposition 33.
